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A. GENERATION OF GENERAL POSITIVE REAL FUNCTIONS
1. Introduction
The study of positive real functions forms the nucleus for network synthesis proce-
dures. Any light thrown on these functions helps to clarify the trend of research
in network synthesis. The writer has already discussed some new properties of these
functions (1, 2); another property is reported here. The details of the proof and the
application of the theorem will not be presented.
2. Simple Alternance
Let us review and restate a well-known network theorem:
If poles and zeros of a rational function of frequency Z(s) present a pattern of simple
alternance on the j-axis or on the negative real axis (Fig. XVIII-1(a)), then Z(s) will
present the driving-point impedance of a network made up of two kinds of elements
(within a constant multiplier).
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Fig. XVIII-1
(a) Pattern of simple alternance. (b) Pattern of double
alternance: Starting from the origin, one x is a root of
ml; the other, of m 2 . One of the succeeding zeros
belongs to nl and the other to n 2 , and so on.
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The merits of this statement, with emphasis on simple alternance, lie in the
following facts: (a) The behavior of any random combination of any two-element net-
work is described by the discipline of the simple alternance of roots of two polynomials
on a straight line. (b) In several problems of physics, such as quantum mechanics, the
simple alternance property makes a natural appearance (3, 4). (c) A good deal of study
based on the alternance properties of the roots of two polynomials has been done in the
field of polynomials. From experience gained in the aforementioned directions, it
appears natural to base the investigation of the properties of impedance functions on the
analysis situs of pole-zeros whenever possible.
3. Double Alternance
The following theorem is proved:
If Z(s) = (ml + klnl)/(mZ + k2n2) is a rational function in which roots of (ml, m2)
and (n l , n2) present a pattern of double alternance on the j-axis (Fig. XVIII-l(b)), then
Z(s) represents the behavior of a driving-point impedance made up of two or three kinds
of elements (with a properly selected constant k = k k 2 , where k I and k 2 are positive
numbers). (m and n are, respectively, even and odd parts of a Hurwitz polynomial.
For the definition of double alternance see Fig. XVIII-l(b).)
An outline of the proof is given by studying
Re Z(s)= 2 2 2 (1)
2 2 zm 2 - k n 2
Equation 1 cannot have negative roots of odd multiplicity in S 2 . The same statement
applies to
n 1 n 2  1
i- (2)
mlm 2  K
which analytically and geometrically will reveal the theorem (see Fig. XVIII-2).
In this study it was convenient to investigate the properties of positive real functions
of a general nature and then to cover the more particular cases, such as the case in
which a common factor is eliminated from the numerator and the denominator of Eq. 2.
To justify the case, one may define a "general positive real function" as a positive real
function in which none of the polynomials mi, m2, n 1, and n 2 have finite common roots.
It can be shown that the property of double alternance not only embodies the Hurwitz
character of (ml + nl), (ml + n 2 ), (m 2 + nl), and (m 2 + n 2 ) but also allows a positive
range of k in which Z = (ml + k 1 nl)/(m2 + k 2 n 2 ) is surely a positive real function.
Corollary: If Z(s) is a general positive real function in the above sense, then
Re Z(jw) = 0 cannot have roots in w with multiplicity higher than two.
F. M. Reza
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NOT A SUITABLE
VALUE FOR I/K
RANGE OF I/K
Fig. XVIII-2
Behavior of n 1n 2 /m 1 m 2 for a general positive real function.
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B. SYNTHESIS WITHOUT IDEAL TRANSFORMERS
The research on this subject is summarized:
(a) A general study was made of the transformerless structures that could present
a minimum resistance Brune function.
(b) By direct continuation of Brune's work, one can arrive at a synthesis without
ideal transformers. The structure thus obtained coincides with the Bott and Duffin
synthesis.
(c) It was proved that all elements of the obtained structure can be explicitly
expressed in terms of the elements of the Brune cycle. Contrary to prevailing feelings,
the structure of the Bott and Duffin network should be considered as a cyclic transforma-
tion of the Brune cycles rather than as an independent synthesis. The following state-
ment is valid in this respect:
Given a Brune cycle with an ideal transformer, one can thereby determine the
elements of a corresponding Bott and Duffin structure without undergoing a new syn-
thesis procedure. There is a unique correspondence between the elements of the two
structures.
(d) A bridge conversion cycle was found that avoids mutual coupling and uses a
slightly smaller number of elements than the Bott and Duffin structure.
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Fig. XVIII-3
A bridge cycle without an ideal transformer equivalent
to a Brune cycle with an ideal transformer.
Parts of the results of (a), (b), and (c) were reported in the Quarterly Progress
Reports of January 15, 1953, and July 15, 1953. A summary of (d) follows.
1. A Bridge Equivalent for a Biquadratic Driving-Point Impedance Function
The essential problem is to find an equivalent structure for a Brune cycle termi-
nated in a resistor r.
[(L 1 + L 2 ) cs 2 + 1] r + (L I + L 3 ) s
Z(s) = (1)
(L + L 3 ) cs 2 + 1] + csr
The Brune cycle corresponding to Eq. 1 uses one resistor, three positive reactive ele-
ments, and one negative coil. Note that the existence of the ideal transformer allows
us to use only one resistor, r, in a network which must, respectively, behave as r and
[(L 1 + LZ)/(L Z + L 3 )] r at zero and infinity. An equivalent structure must contain two
resistors if the ideal transformers are to be excluded. It is shown that an appropriate
connection of two resistors and three reactive elements corresponds to a very special
subclass of Eq. 1. On the other hand, the conversion cycle has already provided a
general equivalent structure containing eight elements. This leaves us with the search
for a structure made up of two resistors and four or five positive reactive elements.
In the light of previous works of the writer, the bridge equivalent cycle shown in
Fig. XVIII-3 is suggested. The driving-point impedance pertaining to this bridge is a
rational fraction
N(s)
Z(s) = (2)
D(s)
where N(s) and D(s) are, in general, fifth-degree polynomials.
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N(s) = (L 2 c) aL 1r s + (M + E) L L 2 c + ar L 2 c (L 2 d + L 1 N) s4
+ [(M +E +L 1 )L 2 cr +2 L 1L 2 c ar + E N r L 1] s 3
+ [(M + E) L 1 + ar 2 L 2 c + ar
2 L 1 N s
+ (M +E +L 1) r + ar L 1 s + ar 2
D(s) = L(L 2 c) 2 s 5 + (L 2 c)2 (ar + r) + L 1L 2 cr N s4
+ [(M + E) L 2 c + 2 L 1 L 2 c + ar 2 L 2 c Ni s3
+ [L 2 cr (2a + 1) + r N (E + L 1 )] s 2
+ [(E + L 1 + M) + ar N s + ar
1 -2\
'-I
where a = (L 1 + L 2 )/(L 2 + L 3 ).
The conditions of the identity of Eqs. 3 and 1 can be obtained in a straightforward
but rather tedious computation. These conditions are found to be
L c
D= L M=1 N
L Lc3 L 2 cN= c - F E
r2 E (4)
L2 (1 + c L 2 K2)2E=
L 2 (1 - c L 3 K 2)
While some labor on the analytical computations could be saved by circuit considera-
tions, this is not of concern for practical applications. Indeed, once the identity has been
established, the synthesis is an automatic application of Eq. 4. Then the Brune cycle
is readily converted into a structure avoiding mutual couplings.
With the identity of the two configurations established for the biquadratic case, one
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may consider its generalization. In the Brune cycle shown in Fig. XVIII-3 let us
replace the terminal resistor r by a network with the driving-point impedance z(s).
In the bridge cycle one may replace r and ar, respectively, by ZA and ZB. Equations 1
and 3 will change accordingly. It can be shown that if all the elements of Eq. 4 are
preserved the identity of the two cycles stays invariant with the selection of
L +z
Z =K 2 L 3
sz + L3 K
(5)
2 2
L L 3 K + sz
B L3 L 3 s +z
Note that not much additional computation is necessary if a Brune configuration is known.
In the light of this analytical proof one may note that the bridge cycle could be
directly obtained from the balanced conversion cycle. Indeed in the balanced conversion
cycle one may introduce an inductance (L 2 c)/A in the crossarm of the balanced struc-
ture. Then the application of a Y - A transformation will lead to the balanced bridge.
The details are given in a paper scheduled for publication in the Transactions of the
American Institute of Electrical Engineers.
F. M. Reza
C. VOLTAGE TRANSFER SYNTHESIS
Work has been undertaken to discover some of the general properties of RLC voltage
transfer ratios (E 2 /E 1 ) and to develop some general synthesis procedures for the reali-
zation of such functions. The work is in its preliminary stages; the available results
are presented below.
1. Theorem
(In reference 1, Fialkow and Gerst derive an equivalent set of conditions for the RC
case.)
The magnitude of the voltage gain of any linear, bilateral, passive network is less
than one for s real and positive.
Proof: When s is real and positive,
zo all the elements in the network act as if
El E2 they were positive resistances. Such a
resistive network cannot have a gain greater
Zo than one. Note: this proof does not depend
Fig. XVIII-4 on the network's being lumped or finite.
A symmetrical lattice for the synthesis A similar theorem has been proved for
of an RC voltage transfer. the grounded two terminal pair network
-93-
(XVIII. NETWORK SYNTHESIS)
where it is shown that for s real and positive the voltage gain must always be positive,
greater than zero, and less than one.
2. Theorem
(Conditions (a) and (b) are derived in reference 1; the proofs are different.)
The necessary and sufficient conditions that a voltage transfer ratio
E 2  KN K (S n+ an Sn- +...)A- E 1  D Sm + b S m - 1 +... bm-1 o
be realizable as a symmetrical lattice composed of resistors and capacitors only are:
(a) All the poles of A(S) are simple and lie on the negative real axis. (b) The functions
D + KN and D - KN have all negative real zeros. (The degrees of these two polynomials
cannot differ by more than two.)
Proof:
(a) The proof of (a) is well known and will not be repeated here.
(b) Consider the lattice structure shown in Fig. XVIII-4.
Then
E 2  Zb -Za 1 - (Za/Zb) KNA - E Z + Z- + (Z a/Z D
1 b a ab
Solving, we obtain
Z
a D - KN
Z b  D + KN
Since the ratio of two RC driving-point impedances must have all negative real
zeros, the theorem is proved.
3. Synthesis
Form
Z
D - KN a
D + KN- Z b
Because of the continuity of the variation of the roots of algebraic equations con-
taining a parameter K, if the functions D - KN and D + KN have zeros on the negative
real axis these zeros must satisfy certain order relationships. It is easy to show that
this is the same order relationship which is satisfied by the zeros and poles of the
quotient of two RC driving-point impedances. Therefore the poles and zeros of the
function (D - KN)/(D + KN) can always be distributed between Za and Z b so that they both
are realizable RC driving-point impedances.
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If we have
Z
a
b
where the
have
K' (S + al) (S + aZ) (S + a3) ...
(S + P3) (S + Z) (S + 3) ...
poles and zeros are consecutively numbered, then in the RC case we will
K 1 (S
a (S +
+ a 2 ) (S + a 4 ) ...
1) (S' + 3) ...
SK2 (S + PZ) (S + P4) ...
b (S + al)(S + a3) ...
where
I KK
2
The synthesis is complete. Any rational function with negative real simple poles
can be synthesized in this manner, provided that K is below the critical value set by
condition (b).
A similar procedure has been carried out for the L structure in the two-element
case. Further work will proceed toward deriving more general properties of gain func-
tions, and developing more synthesis procedures in the RLC case, as well as the RC
and RL cases.
P. M. Lewis II, F. M. Reza
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